Abstract. In this paper, we introduce the concept of complex multi-fuzzy sets (CM k FSs) as a generalization of the concept of multi-fuzzy sets by adding the phase term to the definition of multi-fuzzy sets. In other words, we extend the range of multi-membership function from the interval [0,1] to unit circle in the complex plane. The novelty of CM k FSs lies in the ability of complex multi-membership functions to achieve more range of values while handling uncertainty of data that is periodic in nature. The basic operations on CM k FSs, namely complement, union, intersection, product and Cartesian product are studied along with accompanying examples. Properties of these operations are derived. Finally, we introduce the intuitive definition of the distance measure between two complex multi-fuzzy sets which are used to define δ -equalities of complex multi-fuzzy sets.
Introduction
The concept of fuzzy set (FS) was used for the first time by Zadeh [1] to handle uncertainty in many fields of everyday life. Fuzzy set theory generalised the range values of classical set theory from the integer 0 and 1 to the interval [0, 1] . In addition, this concept has proven to be very useful in many different fields [2] [3] [4] .
The theory of multi-fuzzy sets [5, 6 ] is a generalisation of Zadeh's fuzzy sets [1] and Atanassov's intuitionistic fuzzy sets [7] in terms of multi-dimensional membership functions and multi-level fuzziness.
Ramot et al. [8] presented a new innovative concept called complex fuzzy sets (CFSs). The complex fuzzy sets is characterized by a membership function whose range is not limited to [0, 1] but extended to the unit circle in the complex plane, where the degree of membership function µ is traded by a complex-valued function of the form rs(x)e iωs(x) i= √ −1 , where rs(x) and ωs(x) are both real-valued functions and rs(x)e iωs(x) the range are in a complex unit circle. They also added an additional term
The concept of "proximity measure" was used for the first time by Pappis [12] , with an attempt to show that precise membership values should normally be of no practical significance. Hong and Hwang [13] then proposed an important generalization. Moreover, Cai [14, 15] introduced and discussed δ -equalities of fuzzy sets and proposed that if two fuzzy sets are equal to an extent of δ , then they are said to be δ -equal. Zhang et al. [16] introduced the concept of δ -equalities of complex fuzzy set and applied it to signal processing.
We will extend the discussion on multi-fuzzy sets further by proposing a new concept of complex multi-fuzzy sets (CM k FSs) by adding a second dimension (phase term) to multi-membership function of multi-fuzzy sets. Complete characterization of many real life problems that have a periodic nature can then be handled by complex multifuzzy membership functions of the objects involved in these periodic problems. Then, we define its basic operations, namely complement, union, intersection, complex multifuzzy product, Cartesian product, distance measure and study their properties. Finally, we introduce the δ -equalities of complex multi-fuzzy sets.
Preliminaries
In the current section we will briefly recall the notions of fuzzy sets, multi-fuzzy sets and complex fuzzy sets which are relevant to this paper.
First we shall recall the basic definitions of fuzzy sets. The theory of fuzzy sets, first developed by Zadeh in 1965 [1] is as follows. DEFINITION 2.2. Let k be a positive integer and X be a non-empty set. A multifuzzy setS in X is a set of ordered sequencesS = { x, µ 1 (x) , ..., µ k (x) : x ∈ X}, where
The function µS(x) = (µ 1 (x) , ..., µ k (x)) is called the multi-membership function of multi-fuzzy setsS, k is called a dimension ofS. The set of all multi-fuzzy sets of dimension k in X is denoted by M k FS(x).
In the following, we give some basic definitions and set theoretic operations of complex fuzzy sets. DEFINITION 2.3. (see [8] ) A complex fuzzy set (CFS)S, defined on a universe of discourse X, is characterised by a membership function µs(x) that assigns to any element x ∈ X a complex-valued grade of membership inS. By definition, the values of µs(x) may receive all lying within the unit circle in the complex plane and are thus of the form µs (x) = rs (x) .e iArgs(x) , where i = √ −1, rs(x) is a real-valued function such that rs(x)∈[0, 1] and e iArgs(x) is a periodic function whose periodic law and principal period are, respectively , 2π and 0 <args(x)≤2π, i.e., Args(x) = args(x) + 2kπ, k = 0, ±1, ±2, ..., where args(x) is the principal argument. The principal argument argS(x) will be used in the following text. The CFSS may be represented as the set of ordered pairsS
DEFINITION 2.4. (see [8] ) LetÃ andB be two complex fuzzy sets on X and, let µÃ (x) = rÃ (x) .e iargÃ(x) and µB (x) = rB (x) .e iargB(x) be their membership functions, respectively.
(a)The complex fuzzy complement ofÃ, denoted byÃ c , is specified by a functioñ
The complex fuzzy union ofÃ andB, denoted byÃ ∪B, is specified by a function µÃ ∪B (x) = rÃ ∪B (x).e i argÃ ∪B (x) = max(rÃ(x), rB(x)).e i max(argÃ(x),argB(x)) , (c) The complex fuzzy intersection ofÃ andB, denoted byÃ ∩B, is specified by a function
We say thatÃ is greater thanB, denoted byÃ ⊇B orB ⊆Ã, if for any x ∈ X, rÃ(x) ≤ rB(x) and argÃ(x) ≤ argB(x).
DEFINITION 2.5. (see [16] ) LetÃ andB be two complex fuzzy sets on X and, let µÃ (x) = rÃ (x) .e iargÃ(x) and µ B (x) = rB (x) .e iargB(x) be their membership functions, respectively. The complex fuzzy product ofÃ andB, denotedÃ •B, is specified by a function
. DEFINITION 2.6. (see [16] ) LetÃ n be N complex fuzzy sets on µÃ(x) = rÃ(x).e iargÃ(x) their membership functions, respectively. The complex fuzzy Cartesian product ofÃ n , n = 1, . . . , N, denotedÃ 1 × . . . ×Ã N , is specified by a function
(see [16] ) LetÃ andB be two complex fuzzy sets on X and, let µÃ (x) = rÃ (x) .e iargÃ(x) and µB (x) = rB (x) .e iargB(x) be their membership functions, respectively. ThenÃ andB are said to be δ -equal, denotedÃ = (δ )B, if and only if d(Ã,B) ≤ 1 − δ , where 0 ≤ δ ≤ 1.
Complex multi-fuzzy sets
In this section, we introduce the definition of complex multi-fuzzy sets which are a generalisation of multi-fuzzy sets [5] , by extending the range of multi-membership functions from the interval [0, 1] to the unit circle in the complex plane.
We begin by proposing the definition of complex multi-fuzzy sets based on multifuzzy sets and complex fuzzy sets, and give an illustrative example of it. DEFINITION 3.1. (see [17] ) Let X be a non-empty set, N the set of natural numbers and {L j : j ∈ N} a family of complete lattices. A complex multifuzzy set (CMFS)S, defined on a universe of discourse X, is characterised by a multi-membership function µs(x) = µs j (x) j∈N , that assigns to any element x ∈ X a complex-valued grade of membership inS. By definition, the values of µs(x) may receive all lying within the unit circle in the complex plane, and are thus of the form µs(x) = (rs j (x).e iArgs j (x) ) j∈N , (i = √ −1 ), rs j (x) j∈N are real-valued function such that rs j (x) j∈N ∈ [0, 1] and (e iArgs j (x) ) j∈N are periodic function whose periodic law and principal period are, respectively, 2π and 0 < args j (x) j∈N ≤ 2π, i.e.,
.. ,where args j (x) is the principal argument. The principal argument args j (x) j∈N will be used on the following text. The CMFSS may be represented as the set of ordered sequencẽ
where
The function (µS(x) = rs j (x).e iArgs j (x) ) j∈N is called the complex multi-membership function of complex multi-fuzzy setS. If |N| = k, then k is called the dimension ofS. The set of all complex multi-fuzzy sets of dimension k in X is denoted by CM k FS(X). In this paper L j = {a j : a j ∈ C, |a j | ≤ 1} and we will study some properties of complex multi-fuzzy sets of dimension k.
Remark 3.2.
i. A complex multi-fuzzy set is a generalization of multi-fuzzy set. Assume the multi-fuzzy setS is characterized by the real-valued multi-membership function (γ j (x)) j∈N . TransformingS into complex multi-fuzzy sets is achieved by setting the amplitude terms rs j (x) j∈N to be equal to (γ j (x)) j∈N and the phase terms args j (x) j∈N to equal zero for all x. In other words, without a phase term, the complex multi-fuzzy sets effectively reduces to conventional multi-fuzzy set.This interpretation is supported by the fact that the range of rs j (x) j∈N is [0, 1], as for real-valued grade of multi-membership function. ii. A complex multi-fuzzy set of dimension one is reduced to a complex fuzzy set, while a complex multi-fuzzy set of dimension two with |µs
for some x ∈ X, we redefine the complex multimembership degree |µs 1 (x)| , . . . , µs k (x) as 1 l |µs 1 (x)| , . . . , µs k (x) . Hence the non-normalized complex multi-fuzzy set can be changed into a normalized multi-fuzzy set.
Example 3.3. Let X = {x 1 , x 2 , x 3 } be a universe of discourse. Then,S is a complex multi-fuzzy set in Xof dimension three, as given below:
Now, we present the concept of the subset and equality operations on two complex multifuzzy sets in the following definition.
DEFINITION 3.4. Let k be a positive integer and letÃ andB be two complex multifuzzy sets in a universe of discourse X of dimension k, given as follows: 
Basic operations on complex multi-fuzzy sets
In this section, we introduce some basic theoretic operations on complex multi-fuzzy sets, which are complement, union and intersection, derive their properties and give some examples. DEFINITION 4.1 Let k be a positive integer and letÃ be a complex multi-fuzzy set in a universe of discourse X of dimension k, given bỹ
The complement ofÃ is denoted byÃ c , and is defined bỹ
Example 4.2. Consider Example 3.3.By using the basic complex multi-fuzzy complement, we havẽ
Proposition 4.3. LetÃ be a complex multi-fuzzy set in a universe of discourse X of dimension k. Then Ã c c =Ã.
Proof. By Definition 4.1, we have
The union ofÃ andB, denoted byÃ ∪B, is defined as
where ∨ denote the max operator.
The following definition of complex multi-fuzzy union is required to calculate the phase term (e iargÃ j ∪B j (x) ) (for j = 1, ..., k).
DEFINITION 4.5 Let k be a positive integer and letÃ andB be two complex multifuzzy sets in a universe of discourse X of dimension k, with the complex-valued multi membership functions µÃ (x) and µB (x). The complex multi-fuzzy union ofÃ andB, denoted byÃ ∪B, is specified by the functioñ
where (a 1 , . . . , a j ) , (b 1 , . . . , b j ) and (d 1 , . . . , d j ) are the complex multi-membership functions ofÃ ,B andÃ ∪B, respectively.s assigns a complex value, for all x ∈ X and j = 1, 2, . . . , k.
s ((a 1 , . . . , a j 
The complex multi-fuzzy union functionss must satisfy at least the following axiomatic requirements, for any (a 1 , . . . , a j ) , (b 1 , . . . , b j ) , (c 1 , . . . , c j ) and (d 1 , . . . , d j ) ∈ {x : x ∈ C, |x| ≤ 1} .
In some cases, it may be desirable thats also satisfy the following requirements: 5. Axiom 5:s is a continuous function (continuity). 6. Axiom 6: s µ (a j , a j ) ≥ a j , ∀ j = 1, 2, ..., k (superidempotency)
The phase term for complex multi-membership functions belongs to (0, 2π] . To define the phase terms argÃ j ∪B j (x) (for j = 1, ..., k.), we take those forms which Ramot et al. [8] presented to calculate argÃ j ∪B j (x) as follows:
, for all j = 1, 2, ..., k. 4. "Winner Takes All":
, for all j = 1, 2, ..., k. Using the max union function for calculating (rÃ k ∪B k (x) ) (for k = 1, ..., 4.) and the "Winner Takes All" for determining (argÃ k ∪B k (x) ) (for k = 1, ..., 4.), the following results are obtained forÃ ∪B :
We introduce the definition of the intersection of two complex multi-fuzzy sets with an illustrative example as follows. DEFINITION 4.7 Let k be a positive integer and letÃ andB be two complex multifuzzy sets in a universe of discourse X of dimension k, given as follows:
The intersection ofÃ andB, denoted byÃ ∩B, is defined as
where ∧ denote the max operator.
The following definition of complex multi-fuzzy intersection is required to calculate the phase term (e iargÃ j ∩B j (x) ) (for j = 1, ..., k). DEFINITION 4.8 Let k be a positive integer and letÃ andB be two complex multifuzzy sets in a universe of discourse X of dimension k, with the complex-valued multi membership functions µÃ (x) and µB (x). The complex multi-fuzzy intersection ofÃ and B, denoted byÃ ∩B, is specified by the functioñ where (a 1 , . . . , a j ) , (b 1 , . . . , b j ) and (d 1 , . . . , d j ) are the complex multi-membership functions ofÃ,B andÃ ∩B, respectively.t assigns a complex value, for all x ∈ X and j = 1, 2, . . . , k.
t ((a 1 , . . . , a j 
The complex multi-fuzzy intersection functionst must satisfy at least the following axiomatic requirements, for any (a 1 , . . . , a j ) , (b 1 , . . . , b j ) , (c 1 , . . . , c j ) and (d 1 , . . . , d j ) ∈ {x : x ∈ C, |x| ≤ 1} .
Axiom 1: if
In some cases, it may be desirable thatt also satisfy the following requirements: 5. Axiom 5:t is a continuous function (continuity). 6. Axiom 6: t µ (a j , a j ) ≥ a j , ∀ j = 1, 2, ..., k (superidempotency). 7. Axiom 7: if a j ≤ c j and
, for all j = 1, 2, ..., k (strict monotonicity).
We consider some forms to calculate the phase term argÃ j ∩B j (x)(for j = 1, ..., k.), such that the same possible choices are given to calculate the argÃ j ∪B j (x).
Example 4.9. Consider Example 4.6. By using the basic complex multi-fuzzy intersection, we havẽ A ∩B = { x 1 , (0.3) .e i(0.1π) , (0.2) .e i(0.4π) , (0.1) e i(1.1π) , (0.1) .e i(0.1π) , x 2 , (0.1) . e i(π) , (0.3) .e i(0.2π) , (0.0) .e i(0.5π) , (0.1) .e i(π) }.
We will now give some propositions on the union, intersection,complement of complex multi fuzzy sets. These propositions illustrate the relationship between the set theoretic operations that have been mentioned above.
Proposition 4.10 LetÃ,B andC be any three complex multi-fuzzy sets on X of dimension k. Then the following properties hold.
Proof. The proof is straightforward by using Definitions 4.4 and 4.7.
Proposition 4.11 Let A andB be two complex multi-fuzzy sets on X of dimension k. Then the following properties hold.
Ã ∪B
c =Ã c ∩B c .
Ã ∩B
c =Ã c ∪B c .
Proof. (1) Let the union ofÃ = { x, rÃ
To proof (Ã ∪B) c =Ã c ∩B c we need to show that the amplitude term 1 − max (rÃ
To show the amplitude term, we consider the two possible cases:
Therefore, by Case 1 and Case 2:
To show the phase term, we consider the two possible cases:
(2) The proof is similar to that in part (1) and therefore is omitted.
In the following, we introduce the concept of the product of two multi-fuzzy sets and the Cartesian product of multi-fuzzy sets. DEFINITION 4.12 Let k be a positive integer and letÃ andB be two multi-fuzzy sets in a universe of discourse X of dimension k, given as follows:
The multi-fuzzy product ofÃ andB , denoted byÃ •B, is defined as
DEFINITION 4.13. Let k be a positive integer and letÃ 1 , . . . ,Ã n be multi-fuzzy sets in X 1 , . . . , X n of dimension k. The Cartesian productÃ 1 × . . . ×Ã n is a multi-fuzzy set defined bỹ
In the following, we introduce the concept of the product of two complex multifuzzy sets and the Cartesian product of complex multi-fuzzy sets with an illustrative example of the product operation. DEFINITION 4.14 Let k be a positive integer and letÃ andB be two complex multifuzzy sets in a universe of discourse X of dimension k, given as follows:
The complex multi-fuzzy product ofÃ andB, denoted byÃ •B, is defined as . . ,Ã n be complex multifuzzy sets in X 1 , . . . , X n of dimension k , respectively. The Cartesian productÃ 1 × . . . ×Ã n is a complex multi-fuzzy set defined bỹ
Distance measure and δ -equalities of complex multi-fuzz sets
In this section we give the structure of distance measure on complex multi-fuzzy sets by extending the structure of distance measure of complex fuzzy sets [16] .
We will first introduce the axiom definition of distance measure between complex multi-fuzzy sets and give an illustrative example. Now, we propose the definition of δ -Equalities of complex multi-fuzzy sets.
DEFINITION 5.3. Let k be a positive integer and letÃ andB be two complex multifuzzy sets in a universe of discourse X of dimension k, given as follows:
ThenÃ andB are said to be δ -equal, denoted byÃ = (δ )B, if and only ifd Ã ,B ≤ 1−δ , where 0 ≤ δ ≤ 1.
Given the definition above, we can easily obtain the following proposition. 
Conclusion
Complex multi-fuzzy set theory is an extension of complex fuzzy set and complex Atanassov intuitionistic fuzzy set theory. In this paper, we have introduced the novel concept of complex multi-fuzzy set and studied the basic theoretic operations of this new concept which are complement, union and intersection on complex multi-fuzzy sets. We also presented some properties of these basic theoretic operations and other relevant laws pertaining to the concept of complex multi-fuzzy sets. Finally, we present the distance measure between two complex multi-fuzzy sets. This distance measure is used to define δ -equalities of complex multi-fuzzy sets.
